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Abstract

It is pointed out that Hepp’s derivation of the LSZ asymptotic condition is not quite
correct. Rigorous proof is given for an even wider class of asymptotic states by direct

use of Haag’s method. This is possible because of two lemmas, proved in the appendix,
one generalising Ruelle’s estimate on smooth Klein-Gordon wave functions and the other
stating that every tempered test function can be represented as a product of two other
tempered test functions.

1. Introduction

K. Hepp is generally believed to have given a rigorous derivation of the LSZ
asymptotic condition within the framework of the (restricted) Haag-Ruelle
scattering theory (Hepp, 1965) (see also Hepp, 1966). Actually, there is an
error in his proof of rapid strong convergence (in time) of Haag’s almost local-
ised states for non-overlapping tempered test functions (see Hepp (1965),
proof of Theorem 2.1).

His argument is based on the assumption that for every y € #(R3*-1),
k=3, with
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there exists a suitable @, -partition {a; } (1 <[ < 3) of the unity for which

- k
{mz +( iz pj)2] " 2 pptm® +pd) 7y # 0 insuppxey
j= j=

However, as may be easily seen (Appendix 3), those partitions do not exist in
general, Thus Hepp’s proof is only justifiable if his definition of non-overlapping
test functions is sharpened to mean non-zero minimal distance of supports in
momentum spacet —then, indeed, existence of the required partition of unity

is generally guaranteed.

Of course, a restriction of this kind does not seem to be crucial from a
physical point of view. On the contrary, according to physical intuition it
should be possible, without affecting the results, to enlarge Hepp’s class of non-
overlapping test functions to the class of ‘essentially non-overlapping’ test
functions:

Definition. A set {f;} CH#(R?) is called essentially non-overlapping if
supp f; N supp f; has no interior points for j # L

Now, the purpose of the present paper is to give rigorous proof of the LSZ
asymptotic condition in Hepp’s form for essentially non-overlapping asymp-
totic states. We will not try to cure Hepp’s proof but rather apply the original
Haag method (Haag, 1958) as extended in Araki & Haag (1967), which is
physically more transparent and well suited for our purposes.

2. Assumptions and Corresponding Results of the Haag-Ruelle Theory

In order to keep things as simple as possible, without thereby circumventing
principal difficulties, however, let us restrict ourselves to the theory of one
kind of neutral scalar particle with mass m > 0, described by the self-
interacting tempered Wightman field A(x).

This means, for all ¢ € F(R*) the formal integrals f dx A(x)¢(x) (also
denoted by A()) represent linear operators, well defined on a common
invariant dense linear manifold D in a separable Hilbert space 5. According to
Einstein causality these operators are to commute on D for ¢’s with spacelike
separated supports, i.e. symbolically:

[A(x), A =0 for (x — ¥)? <0

Furthermore, a strongly continuous unitary representation U(A, a) of the
connected Poincaré group is defined on 7, for which we have

UA, ) A(x)U (A, a) = A(Ax +a), U(A, @)D CD.

There is a vacuum state vector €2 in D, unique up to a phase factor, which is
cyclic for the smeared fields A(p) and invariant under the representation
U(A, @). Finally, the spectrum condition requires the spectrum of the energy-
momentum operator P* (its components being the generators of the represen-

+ Since we shall restrict ourselves to particles of only one kind it is not necessary to
refer to velocity space.
+ We use the notation px = p®x® — px for the Lorentz scalar produet.
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tation U(1, a) of the translation group) to lie in the closed foreward lightcone
V+ .
In addition to these so-called Wightman axioms (Wightman, 1956; Streater
& Wightman, 1964) we have to impose two further conditions in order to make
use of the Haag-Ruelle theory (Haag, 1958; Ruelle, 1962). First, we have to
postulate the existence of a mass gap in the spectrum of P¥, i.e. the spectrum
of P* is to be contained in V% = {p: p € V., p? = m?}, except for the eigen-
value O corresponding to the vacuum, Secondly, we have to postulate the exist-
ence of almost local fields creating 1-particle states from the vacuum. Following
Hepp, we even require the 1-particle states to be created from the vacuum by
the smeared fields A(p) themselves in order to allow for derivation of dispersion
relations (Hepp, 1964). Explicitly, we assume the following structure of the
2-point function:

01 ACIA(N0V=i84 0~ ) +i [ dp (AL -») (1)
where M > m, .
Now, in Hepp’s notation (1964) for ¢ EL(RY)
#(p)=(2m)7% [ drp(x) e'P*

-2
wp = (P + m2)1/2

0
olx, )= (2m)™"2 | dpy(p) (p 2; w”) exp[i(p® — wy)1] exp (—ipx)
P

Alp, 1) = [ dxA(x)¢*(x, 1)

the following theorem is a special result of the Haag-Ruelle theory (Haag, 1958;
Ruelle, 1962):

Theorem 1. Let ¢y, . . ., ¢, be elements of S(R*). If supp & C {p: p2 <M?}
then

n

slim ] A¥(g;, D
t oo j=1 .

exists and represents an asymptotic state corresponding to n particles with

momentum space wave functions f;(p) = §;(wy, p).

To be sure, within the Haag-Ruelle frame this theorem is ‘only” proved for
y;’s with Fourier transforms of the form &;(p) = ;(p)h; (p) with g; € P(R?)
and iy CF (R?) (compare proof of Theorem 2, below). However, contrary to
Hepp’s opinion (Hepp, 1964), this is no real restriction:

Lemma 1. Let n, n’ be positive integers with n' <n and let Vo> P15 25 + -
be a (countably z'n!ﬁm'te) sequence of test functions in #(R™). Then there is a
positive g EF(R™) and a sequence {hgy, by, hs, ...} CLR?) such that

ot =g, O forr=0,1,2,. ..
Proof. See Appendix 1.
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3. Proof of the 1LSZ Asymptotic Coundition

The crucial point in the derivation of the LSZ asymptotic condition is well
known to be the rapid strong convergence of Haag’s almost localised states

n
IT 4%y, D0
j=1

for essentially non-overlapping {$;(wyp, p)} C £(R?) in the limit £ = oo,
In order to prove this convergence we profitably exhibit the asymptotic
properties of smooth Kiein-Gordon wave functions

16)= 0> [ 2R fp)expl-itwpr® — p0ls @) ESR)
P
G.1n

as outlined by Haag (1958), Araki & Haag (1967). Then the following general-
isation of the original Ruelle lemma (Ruelle, 1962) just states what one is to
expect from heuristic physical considerations: T

Lemma 2. Let N be a non-negative integer. Then there are constants, A4, B,
C for which the following statements hold:

LG vOIN 7@ — x% vt —x)| < AQ +1ixIY) max max (1 +1ipl©)
lal <BpER

x D3 F(p)! for arbitrary f €S R3), t€R',x ER*, and

VER? — {_12.,: p € supp f}
Wp

2. 12132|f(t, vt)|< 4 max  max_{(1 +Ipll€)D2f ()| for arbitrary
lal<B pER?
fEePR?),teR, vER?
(fdefined by (3.1))

t The F-dependence of the majorisation constants (see also Lemma 3, below) will not
be exhibited in the present paper. See the first of our concluding remarks, however. We
adopt the usual notation

no o \12 noo n .
nru=(‘ (t’)z), =TT @he, lal= 2 o’
ji=1 j=1 j=1
alel
a.
Dt~a1 P P
8,1 tz...atn

for £ = (¢, ..., " & R" and ¢ € Z7 (Z"} being the set of n-vectors with non-negative
integer components).
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Proof. While statement 2 was proved by Araki (1962), the proof of state-
ment 1 is given in Appendix 2.

Statement 1 of this lemma shows that particles in essentially non-overlapping
states (essentially non-overlapping momentum space wave functions 1)
become strongly separated for large times:

Lemma 3. Let N be a non-negative integer. Then there are constants A, B,
C such that the inequality

|V f10, x0)F2 (%) <A max  max  max [(1+]pl©)DEf )l
j€{1,2}lal<BpeRrR?®
holds for arbitrary essentially non-overlapping { fl, fz} CHR®),tER,
{x1,%,} C R3 with (x; — x5)2 <[]
(1, [ defined according io (3.1).)
Proof. By statement 1 of Lemma 2 the inequality

XV )1 <A max  max_i(1+]pI€)D} fi(p)!
lal<. B p&ER

holds for f; € #(R?) within the region

K, ﬁ{x=(t, vtt+y):t€R,vER? —(—p—:pEsupp f-},y€R3,y2<|tl}
Wp

with suitable constants 4, B, C independent of ]i (j =1, 2). Hence, the state-
ment of Lemma 3 is an immediate consequence of the fact that (7, x;) ER* -
K7 (j=1,2) implies (x; — x2)? > | ¢| for essentially non-overlapping
{F1.F2}

So we are ready to prove the required rapid strong convergence of appro-
priate states: . .

Theorem 2. Let {f3, . . ., fa} C S(R?) be essentially non-overlapping. Then
there are ¢y, . . ., 9 ELRY) with G(wy, p) = f; (p) forj € {1, .. .,n} and
positive constants Cy, Cy,. . . such that

d n
— [ T4%q. r)sz” <4
i=1
Proof. By Lemma 1 there is a positive valued function & € #(R3) such that

i =f/g€PR3) forj €11, .. ., n}. Let us choose some & EARY) with
supp 4 C (0, M2), h(m?) = 1 and define:

p(0)=EnP,  F®)=F ©b0p)
So by use of the almost localised field
B(x)=(2m)? f dx'A(x" Y’ — x)

and the smooth positive frequency Klein-Gordon wave functions

max max CNlt]N!
NeZ, teR?

56=0n = [ 2 Fp) expl-i00px — p]
] 1Y
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we may write

3 x) o
A¥p, ) =1 ax|B(x) —~L-= _ ZB&) o
@0 x°£t ( ) 9x0 8x°f’(x)
forj=1,..., n Now we just have to copy one of Ruelle’s proofs (see Ruelle,
1962, p. 158):
Expand

2

[T Tt 00
j=1

into its finite sum of products of truncated vacuum expectation values which
are of the form

I(2)= [ dxo dxy. . . dxifo (o, D f1(x1, ) . .. fi (K, )

Xﬁ’(xi — X5« Xg — Xg_1)

with ' € P(R* ) and smooth (positive frequency) Klein-Gordon wave
functions fg' (vesp. fo'*), . . ., f¥ (tesp. fi'*). Products containing only factors
I(#) with k < 2 do not contribute since (2.1) implies A(yg;, D = (d/dr) x
A*(g;, )2 = 0. From Lemma 2 we see that all the truncated vacuum expec-
tation values /(¢) are bounded in ¢. Moreover, for k = 2 there are at least two
of the f¢®), ..., £’ which form an essentially non-overlapping set in
momentum space. Therefore, by Lemmas 2 and 3, we see | #VI(¢)] to be
bounded in ¢ for every non-negative integer AV in this case. So all the products
vanish sufficiently rapidly for ¢ - oo,

The few remaining steps in the derivation of the LSZ asymptotic condition
may be literally taken over from Hepp (1965) to give the final result:

Theorem 3. Let 9 € S(R*)and let {¢1, . . ., on} C PR*) correspond to
essentially non-overlapping {fy, .. .,f,} CHR3)( L@ =& wy, p)). If
supp @(jy C {p: p? < M?} we have

7 n
slim A*(p, 7) slim [T A*(g;, £)Q = slim A%, ) H1 A*(g;, HQ
f—>too t koo =1 t—too j=
(the interpretation being given by Theorem 1).
Let us conclude our considerations by three remarks:
1. By use of the explicit f~dependence of the majorisation constants in
Lemmas 2 and 3 Theorem 3 may be easily generalised to the strong
t - too limit of A*(y, £) applied to asymptotic states with arbitrary
n-particle momentum space wave functions from the complete linear
subspace of #(R3") spanned by all functions of the form f; (p1)f2(p2)
. . . fu(pn) with essentially non-overlapping {f;} CH(R3).
2. The methods used here are well adapted to explicit generalisation to
Jaffe fields (Jaffe, 1967) (see also Liicke, 1973).
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3. It should be clear how to apply Lemmas 1-3 to the more general and
more elegant C*-algebra approach to scattering by Araki & Haag (1967).

Appendix 1: Proof of Lemma 1
Without loss of generality we assume ¢, to be non-trivial. Then by¥
4,= max max  max_|#2D2(I(L, . . .. ™) o ()]
r rEZ+ a, bEZL tSR?
ety lal,lpl<r

with r €Z, (= Z1) we define a non-decreasing sequence {g,} of positive

numbers, Hence .
< Nt Id ]
vt = Z ania t' eR”
=

is a positive entire function. Although ¥ (¢') cannot be a multiplier in #(R"),
it is quite evident that the functions %, defined by

BD= Y, . L ), .. L ), tERYFEZ,
are all tempered (i.e. 2, € F(R")). On the other hand, the function

2r
Y eH= Z 2 ) . tteRr!

fulfils the inequalities

WPE) <A+ D), rez,
Therefore, the identity

r+1

11 . ,
(I/wl)("*”:(ws"“)—Z("? )(w%)m(l/m)“”*”)/w%; rez,
]:

shows that 1/{; €S(R!). Hence, for g = 1/ we get all the required properties:
g>0,  g€SRY),  @=gC..... ")

Appendix 2: Proof of Statement 1 of Lemma 2

We just have to give an explicit version of Ruelle’s sketchy proof (Ruelle,
1962) (see also Araki (1962) for the simple case 1 <v = (v2)1/2),
Let us choose some infinitely differentiable function g over R! with

® 1 for|r]<1
g ol
2 for [#]>2.

+ See footnote on page 94 for definitions.
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Then the @, (R®)-functionst
ki(p)=0@ — 1) +6(1 —v)g(p*)e(p®)
k2(@)=0(1 ~v)(1 —g(p%)
k3(@)=0(1 —)g(p*)(1 —2(p*)
have the following properties:
k1(p) + k2 (p) + k3(p) = 1 (A2.1)
2L 1p%I<2  if8(1 —v)ky(p)# 0
[P2[>1  ifky(p)#0
[P31>1  ifks(p)#0
Now, if we define
q = (m/(1 —v?)12,0,0) forv <1
m* +16lipl®

-1
a= (1+96(1~v) m4”p~—q!|2) forp+#q

we have the inequalities

m*lp — qll?
9(m* + 16l1pl?)
lp—qll <3Ip'—q'l  if{p?,1p*<2a

} <a<min {(1/3) Itp —qll, (m/2) M}

(1/2) min {1 31l

for v < 1. Hence the rough estimate

%)
Wp |57 (wpt® —Ilullpt)

1o wg — llqliwysil

=00 — 1) |p/u® — llullwys{[ +6(1 — v) m + 2llq )

>m*(36(2 +m* +16llpl1*)3(1 +0(1 — v)llp — ql| 2)) >0

for p € supp &;(p/a)f R~ 1p) (A2.2)
is easily established for every spatial rotation R with
Ru = (llull, 0, 0)
where
uoE 1/(1 +v2)1/2’ uEv/(l +v2)1/2

1 Without loss of generality we assume v # 1 throughout the proof. As usual, the
characteristic function of the positive real axis is denoted by 6.
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By (A.2.1) we have

3
e )= Y, [ 22 Gyl R DT R p)

j=1
exp [—il(wou® — lullph)]

with

fet, )= fie—x0vi— %), he(p) = exp [iwpx® — px)l,

=11, vOll (A.2.3)
By (A.2.2) we are allowed to perform the substitution

p’ > E=wou® —luilp!

in the integral

f % ki (p/a)h (R p) F(R ™' p) exp [~ 5 (p )]
Wp

ot \~! w .
= f dt (w,, a—;;) ki (pla)n (R p) f(R™'p) &'

(of course, we have p! =pI(£) on the right-hand side). Thus, by successive
N-fold partial integration with respect to  and resubstitution £ — p’ we
obtain:

QY2 | £ (2, vo) |

a -1 n ~1 .
%((gﬁ;) gg;) ((w a%f;) k;(p/a)kxm‘lp)f(k'ip))l

By inspection of

a '\ a \"[3g\™
borfrom = )
the latter in connection with (A.2.2), we see that

1@ vOUN| fr(t, vo)|

<4’ L max [dp 1w D3RI p)(1 +0(1 —v)llp — I )DE FRp)]

holds with suitable integers A "y, ¥ which can be chosen independent of x, f, v,
and R. Hence, by the mean value theorem (for differentiation), we have
(remember that f(R™1q)=0if v < 1}

(2, vOUN | fl2, v0)]

<4" max max [dpIw,D3hx(eD| sup 1D R
lal< N |bi< N+r P ER

3

<j231 [ap

e —p'll <1
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According to the definition of f, and h, in (A.2.3), statement 1 of Lemma 2
is just a simple consequence of this inequality.

Appendix 3: Non-existence of Hepp’s Partition of the Unity

Let us restrict ¢ € R® to the positive sector $3, of the ¢! — g*-plane. Then
the curves of constant g* /w, are characterised by dq?/dq’ = q'q*/[m? + (4?)?]
and the curves of constant q2/wq by dg?/dq! = [m? + (q1)?]/(g'q%). Therefore,
we can choose a sequence {q,} CS%, with the following properties (r = 1, 2,
3.0

lr—qb_11<1/2  forl€{1,2},j€1{0,1,2}
% 11>a5 1, @3- <ddr; forj=1,2

1 =l 2 , = 2
43r/Wq3,“ 43r-1/Wq3,._ 1 43r~1/‘/"q3,*1 —613r~2/wq3,,~2

(A3.1)

ldsr — q3r—2ll <exp (1) (A3.2)

Furthermore, we may chooset functions fy, 2 € F(R3) with the properties:
f1Q3r-1)#0 forr=1,2,... (A.3.3)

121> 1q'1  ifqE€supp f (A3.4)
f2(@3) # 0% fo(qap-2)  forr=1,2,... (A.3.5)

lq%1<lq'l  ifqEsuppf, (A.3.6)

The essential features of the whole construction are illustrated by Fig. 1.
Now, let us consider the special case

k=3,  x(p2,p3)= f1(p2)f2(—P2 — P3)
Since by (A.3.4) and (A.3.6) we have p, + p3 # p, in supp X, the condition
2 & 21712 & 2 L 2172 .
[m * (}22 Pf) ] ’,2.2 p;jt(m*+p3)""*p2 #0  insupp x(p2, ps)

is gvidently fulfilled. Let ay, &y, a3 be arbitrarily differentiable functions over
R6 with

ay toy tay =1 A37
and
X 29712 g
[mz +(}_ 22 Pj) ] _22 pit(m? +pH) ™V ph#0  insupp xy
< i5
(A.3.8)

+ Those functions can be easily constructed by standard techniques,
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q*

supp fi

q'/wg = const.

supp f>

g*/wq = const.

<Y

Figure 1.

forl =1, 2, 3. Then, in order to disprove Hepp’s assumption (see Introduction),
we only have to show that a; € @, (R°):
Since by (A.3.3) and (A.3.5) we have

X(@3r-1>,—G3r—1 —qQar—) 0  forj=0,2andr=1,2,...
(A.3.9)

(A.3.8) can hold for I = 3 only if:

@3(Q3r—1, —43r-1—~qa,)=0  forj=0,2andr=1,2,...
(A.3.10)

Similarly, by (A.3.1) and (A.3.9), (A.3.8) can hold for /=1, 2 only if:

@31(q3r—1, —437—1 — 93¢) = %2 (4371 ~q3r—1 —93r—2) = 0 (A.3.11)

(A.3.7), (A.3.10), and (A.3.11) imply:

a1(d3r—1, ~q3r—1 ~ qar-2) = 1 (A3.12)
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Finally, the mean value theorem (for differentiation), (A.3.2), (A.3.11), and
(A.3.12) show that at least one of the functions

3 b
apl ——71(p2, P3)s a}‘gal(l’m p3)

cannot be polynomially bounded. Thus a; & @ (R®), indeed.
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